Abstract. In this paper, by extending Kucera's idea to the function field case, we obtain several determinant formulas involving the real class number and the relative class number of any subfield of cyclotomic function fields. We also provide several examples using these determinant formulas.
Introduction
In the classical case, there are a lot of determinant formulas (Maillet's determinant, Demjanenko matrix) involving the relative class number for an imaginary abelian number field. For these determinant formulas, we refer to Kučera's paper [8] , where one can find the history of Maillet's determinant and Demjanenko matrix and many important results about them. In the same paper, Kučera showed a way of obtaining most of these determinant formulas in a unique fashion by means of the Stickelberger ideal. He also derived a nonvanishing determinant formula involving the relative class number by a modification of Ramachandra's construction of independent cyclotomic units.
In the function field case, some determinant formulas involving the relative class number and the real class number of cyclotomic function fields with prime power conductors are obtained by several authors (Rosen [9] , Bae-Kang [3] and Jung-Ahn [6, 7] ). Recently the authors gave determinant formulas for the real and relative class number of any subfield of a cyclotomic field with prime power conductor [2] . In this paper, by extending Kučera's idea [8, Lemma 2] to the function field case, we obtain several determinant formulas involving the real class number and the relative class number of any subfield of cyclotomic function fields with arbitrary conductor.
The layout of this paper is as follows. In Section 2, we derive a basic lemma (Lemma 2.1) which is essential for obtaining determinant formulas for class numbers. In Section 3, we state basic notation and results in cyclotomic theory over the rational function field which are needed later. Several determinant formulas involving the real class number and the relative class number of any subfield of cyclotomic function fields are obtained in subsection 3.1 and in subsection 3.2, respectively. Some of them may contain a zero factor. Adopting Kučera's idea [8, Example 4], we also give nonvanishing determinant formulas for class numbers. In the final section, we provide several numerical examples by using these determinant formulas in Section 3.
Basic lemma
Let G be a finite abelian group with a fixed cyclic subgroup J. For any subset 
Let G be the set of all characters of G with values in C. For χ ∈ G, we say that χ is real if χ(J) = {1} and χ is nonreal otherwise. Let G + be the subset of G consisting of real characters and
Let us denote by χ 0 the trivial character of G. 
The matrix of S with respect to X and
Since X and X are also Zbases of the free abelian group Z[G] + 0 , the transition matrix from X to X has determinant ±1. Therefore we get (i). For (ii), we consider the linear transformation
− defined as multiplication by θ and the following C-bases of
By similar arguments as for (i), we get (ii).
When J = {1, j}, we have t σ + t jσ = 0 and
From (2.2), we have
Thus we may regard Lemma 2.1 (ii) as a generalization of [8, Lemma 2].
Determinant formulas for class numbers
Let A = F q [T ] be the ring of polynomials over a finite field F q with q elements, and let F q (T ) be the field of rational functions over F q . For each N ∈ A one uses the Carlitz module φ to construct a field extension K N , called the N -th cyclotomic function field and its maximal real subfield K + N . It is known that the Galois group A character χ ∈ G N may be viewed as a character of (A/N A) * , thus as a primitive Dirichlet character with conductor F χ , a monic polynomial. As a primitive Dirichlet character, it induces a function from A to C as follows; for any irreducible polynomial P ∈ A, we define
Throughout the paper, we always assume that the finite abelian extension k of F q (T ) is contained in some cyclotomic function field. By the conductor of k, we mean the monic polynomial N ∈ A such that K N is the smallest cyclotomic function field containing k. Let k + be the maximal real subfield of k, i.e., k
We denote by Div 0 (k) and P(k) the group of divisors of degree zero and the group of principal divisors of k, respectively. Then the divisor class number h(k) of k is defined to be the order of Div 0 (k)/P(k). It is well known that the divisor class number h(k) of k is divisible by the divisor class number h(k
Then there is a wellknown analytic class number formula for the real divisor class number h(k
where
As did Yin [11, Proposition 4], we have an analytic class number formula for the relative class number h − (k) when k is a subextension of a cyclotomic function field:
where L(s, χ) is the Artin L-function associated with the character χ.
Real class numbers. Let
Let F be any monic polynomial divisible by
where P runs over all monic irreducible polynomials dividing F . For any real character χ, we have
so the analytic class number formula (3.1) can be rewritten as
For any N ∈ A, by "F | N " we mean that F is a monic polynomial dividing N . For A ∈ M N , let σ A be the restriction of σ A on k. Now we state our basic determinant formula for h(k + ). 
Here res KF /kF and cor k/kF are the restriction and corestriction maps between group rings, respectively. We put
and so
It follows, by Lemma 2.1 (i), that
Thus we have
By substituting (3.9) into (3.7) and by the analytic class number formula (3.5), we get the result.
In Theorem 3.1, s σ and S k depend on the choice of {a F,σ ∈ Q : 1 = F | N, σ ∈ G}. In the following we choose special values of a F,σ 's to get several determinant class number formulas.
For any monic irreducible polynomial P ∈ A, we denote by e P and f P the ramification index and the residue class degree of P in k, respectively. Let g P = [k : F q (T )]/(e P f P ), the number of primes in k lying above P. We also use e + P , f + P and g + P for the corresponding ones for k + .
In particular, if k has prime power conductor, then we have Q
. Then the result follows from the fact that
where the last equality follows from [10, Theorem 3.7] .
Take a F,σ = 1 for F = N, σ = 1, and 0 otherwise. Then
Thus for any σ, τ ∈ G
Moreover, we have b F,χ = 1 for F = N and 0 otherwise. Thus
and so, by Theorem 3.1, we get the following.
k .
Now we assume that
N } as a system of representatives of G N /J, we get the following corollary. Unfortunately, when Q (+) k = 0, formula (3.11) will not give any information. Thus, in this case, we need another choice of a F,σ to get the nonvanishing determinant formula. We will follow the idea of Kučera [8, Example 4] . Let N = Then for any σ ∈ G, we have
Thus
for any σ, τ ∈ G. We note that, in this case,
Then from Theorem 3.1, we get the following nonvanishing determinant class number formula for h(k + ).
Proposition 3.5. det(S
In particular, if k = K N , the matrix S KN is given as
Relative class numbers. For a monic polynomial F ∈ A, let
Recall that N is the conductor of k. For any F | N with F = 1, we define
By (3.2), it is obvious that θ F ∈ Q[G]
− and so θ F ∈ Q[G] − . Then we have
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where P runs over all monic irreducible polynomials dividing F.
Theorem 3.6. Let k be a finite abelian extension of F q (T ) with conductor N . Let C be any system of representatives of G/J k . Assume that we are given {a F,σ ∈ Q : 1 = F | N, σ ∈ G}. For any σ ∈ G, we let
Then we have
By Lemma 2.1 (ii), we have
Therefore, by substituting (3.18) into (3.17) and by the analytic class number formula (3.3), we have
As for the real class number case, we choose special values of a F,σ to get several determinant class number formulas.
By evaluating Q (−) k (z) at z = 1, we get the result.
that is, we take a F,σ = f (σ) if F = N, σ ∈ J k and 0 otherwise. Then we have
where the last equality follows from the Dedekind determinant formula [10, Lemma 5.26 (b)]. Therefore from Theorem 3.6, we prove (3.20). Now assume that k = K N . For each A ∈ M N , we have
This completes the proof of (3.21).
Now let us choose a specific map f : J k → {0, 1} by f (α) = 1 if α = 1 and 0 otherwise. Then we have the following generalized Demjanenko matrix for the relative class number of k. 
Proof. Since b F,χ = 1 if F = N and 0 otherwise, the first statement follows from (3.20) .
otherwise.
In [6, Proposition 2.6] , it is shown that
when N is a prime power. It is easy to see that the proof of [6, Proposition 2.6] also holds for an arbitrary polynomial N . We note that Q (−) KN is 1 if N is a prime power. Therefore we get the result.
We give another matrix whose determinant is also related to h − (k). Let j be a fixed generator of J k . We define f :
Then we have the following. 
Here χ(j) ranges over all nontrivial |J k |-th roots of unity as χ runs over J k \{1}.
Now the results follow from Proposition 3.8.
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Finally, we also need a nonvanishing determinant class number formula for h − (k), in the case that Q (−) k = 0. We follow the same notations and definitions for S, N I and a F,σ 's as in the real class number case. Then we have
As in (3.13), we have
Then from Theorem 3.6, we have the following.
When k = K N , the matrix T KN is given as
Some numerical examples
Example 4.1. Assume that q = 3 and k = K P Q with P = T and
We use M + P Q and M − P Q in this ordering for matrices in this example. Then the matrix in (3.12) with N = P Q is given as  Example 4.5. Table 1 gives the real and relative class numbers of K N for q = 3 and N = T n (T + 1) with n = 1, 2, 3, 4. 
